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ABSTRACT

The factors which govern the distribution

of electrons and ions in the earth's exosphere

are discussed. The theory takes into account

the effect of the electric field which arises

from charge separation, the centrifugal force

arising from the rotation of the earth and the

effect of the earth's gravitational field. It

is assumed that the charged particles are con-

strained to move only along the direction of

the earth's magnetic lines of force. The

modifications that result in the electron and

ion distributions when a temperature variation

is assumed along a line of force are also

considered.

The results predicted by the theory are

compared with actual experimental observations

of the exospheric plasma which have been obtained

in recent years using whistlers and using top-

side lonograms made by the Alouette satellite.
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FIGURES

i NOTE: Figures 1 - 7 are included in the text.
Figures 8 - 22 are presented at the back of the report.

Fig. 1. Gravitational and centrifugal forces (? and f'c) 4
acting on unit mass located at the poinf A
defined by one of the coordinate pairs (r,e),
(9 or (e9,s).

Fig. 2. The relative magnitudes of the gravitational and 6
centrifugal forces at different points along
a line of force.

Fig. 3. To illustrate an element of volume taken along 8
a line of force. The partial pressures of the ions
and electrons, ps and Pe, and the electric
field E,(Mange 1960) are also shown.

Fig. 4. Distribution of electron and ion densities with 21
the temperature-modified geopotential height, z,
for the case C = 1 and constant temperature
T = 10000K.

Fig. 5. Variation of temperature-modified geopotential 25
height, z, with altitude, h, for an isothermal
exosphere.

Fig. 6. Parameters used to calculate Reo at the 27
reference level at two magnetically conjugate
points when the temperature in the northern
and southern hemispheres are different but
constant in each hemisphere.

Fig. 7. Parameters used to calculate Reo at the 29
reference level at two magnetically conjugate
points when the temperature is taken as a
continuous function TN(s) in the northern
hemisphere, and TS(s) in the southern
hemisphere. At points 1 and 2, the temperatures
are the same.
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NOTE: Figs. 8 - 22 are presented at the end of the report.

Fig. 8. Variation of the ion composition at 500 km with
the temperature at that level (Bauer 1963).

Fig. 9a. Relative electron and ion densities as a function
of the geopotential height, z, for an isothermal
exosphere. The form of the distributions depends
strongly on the assumed base level composition and
the assumed temperature as may be seen by comparing
the above with the subsequent figures.

Fig. 9b. Relattve electron and ion densities as a function
of the geopotential height, z, for an isothermal
exosphere. Comparison with Fig. 9c indicates
the effect on the distributions of changing the
temperature only.

Fig. 9c. Relative electron and ion densities as a function
of the geopotential height, z, for an isothermal
exosphere. Comparison with Fig. 9b indicates
the effect on the distributions of changing thetemperature only. Comparison with Fig. 9d reveals
the effect of changing the base composition only.

Fig. 9d. Relative electron and ion densities as a function
of the geopotential height, z, for an isothermal
exosphere. Comparison with Fig. 9c reveals the
effect of changing the base composition only.

Fig. 9e. Relative electron and ion densities as a function
of the geopotential height, z, for an isothermal
exosphere with a relatively high temperature.

Fig. 10. Summary of the results of Figs. 9a - e for the
relative electron density distributions in the
exosphere over a wide range of conditions.

Fig. 11. The variation with temperat're of the levels
at which the ions indicated have equal abundances.
The broken lines correspond to the cases when
the composition at the base level depends on
the temperature there (through equations (65)).
The continuous lines correspond to the cases when
the composition at the base level is independent
of temperature (Composition 1). These results
are in agreement with those prestnted earlier by
Bauer (1962).
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ei. 15).q To 4 1lti-rtt.. for nn lanthprmal Pxopnherp.

the relative elecron density distributions
along a field line with feet (at 500 km above
the earth) at geomagnetic latitude 450 (see
Tables 1 and 2).

Fig. 12b. To illustrate, for an isothermal exosphere,
the relative electron density distributions
along a field line with feet (at 500 km above
the earth) at geomagnetic latitude 550 (gee
Tables I and 2). The broken lines indicate
the distributions which would have been obtained
if the centrifugal force had been neglected.

Fig. 12c. To illustrate, for an isothermal exosphere,
the relative electron density distributions
along a field line with feet (at 500 km above
the earth) at eomagnetic latitude 650 (see
Tables 1 and 2T. The broken lines indicate
the distributions which would have been obtained
if the centrifugal force had been neglected.

Fig. 13. Schematic diagram to Illustrate the variation
of temperature along a line of force. TI(s) Is
used for the temperature distributions in the
northern (winter) hemisphere and T2 (s) for the
southern ( summer) hemisphere.

Fig. 14a. To illustrate, for a non-isothermal exosphere
(see Fig. 13), the relative electron density
distribution along a field line with feet (at
500 km above the ea"th) at geomagnetic latitude
350 (see Tables 'nd 2).

Fig. 14b. To illustrate, for a non-isothermal exosphere
(see Fig. 13), the relative electron density
distribution along a field line with feet (at
500 km above the earth) at geomagnetic latitude
450 (seeTables 1 and 2).

Fig. 14c. To illustrate, for a non-isothermal exosphere
(see Fig. 13), the relative electron density
distribution along a field line with feet (at
500 km above the earth) at geomagnetic latitude
550 (see Tables 1 and 2). The broken lines
indicate the distributions which would have been
obtained if the centrifugal force had been
neglected.
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Fig. 14d. To illustrate, for a non-isolhermal exosphere
(see Fig. 13), the relatIve electron density

distribution along a field line with feet (at
500 km above the earth) at geomagnetic latitude
65' (see Tables 1 and 2). The broken lines
indicate the distributions which would have been
obtained if the centrifugal force had been
neglected.

Fig. 15a. The predicted ratio of the electron density In
winter to that at the same location and altitude
in summer for a number of different altitudes.
Composition 1 (see Table 1) is used at 500 km,
as was done previously. The assumed temperature
distribution is illustrated in Fig. 13.

Fig. 15b. The predicted ratio of the elect-on density in

winter to that at the same location and altitude
in summer for a number of different altitudes.
Compositions 1 and 2f (see Table 1) are used at

500 km, as was done previously. The assumed
temperature distribution is illustrated in Fig. 13.

Fig. 16a. Equatorial N(h) profile. Thý electron density at
1000 km was assumed to be 10 4 /cc (see Tables 1 and 2).
The temperature distributions along a field line are
given by equation (66) and are illustrated schemati-
cally in Fig. 13.

Fig. 16b. N(h) profile at geomagnetic latitude 300. The

electron density at 1000 km was assumed to be 10 4 /cc
(see Tables 1 and 2). The temperature distributions
along a field line are given by equation (66) and

are illustrated schematically in Fig. 13.

Fig. 16c. N(h) profile at geomagnetic latitude 600. The electron
density at 1000 km was assumed to be 104/cc (see
Tables 1 and 2). The temperature distributions along
a field line are given by equation (66) and are
illustrated schematically in Fig. 13.

Fig. 17. The average quiet day electron density at 1000 km
(based on the results of Thomas and Sader 1963).
The continuous lines are observed values and the
broken lines are extrapolations which are roughly
consistent with equatorial Alouette data.
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Fig. 18a. Theoretically predicted equatorial N(h) profiles
based on observed Alouette data for the electron
density at 1000 km for summer days. Curves for a
wide variety of isothermal-exospheric temperatures
and comp-sitions are illustrated (see Tables 1 and 2).

Fig. 18b. Theoretically predicted equatorial N(h) profiles
based on observed Alouette data for the electron
density at 1000 km for summer nights. Curves for
a wide variety of isothermal exospheric tempera-
tures and compositions are illustrated (see
Tables 1 and 2). Note the marked increase in the
rate of tall off of electron density with height
at great distances from the earth.

Fig. 18c. Theoretically predicted equatorial N(h) profiles
based on observed Alouette data for the electron
den:sity at 10CO km for winter days. Curves for a
wide variety of isothermal exospheric temperatures
and compositions are illustrated (see Tables 1 and
2).

Flg. 18d. Theoretically predicted equatorial N(h) profiles
based on observed Aiouette data for the electron
density at 1000 km for winter nights. Curves for a
wide variety of isothermal exospheric temperatures
and compositions are illustrated (see Tables 1
and 2).

Fig. l1e. Summary of the results of Figs. 18a - d. The
curves shown are the predicted theoretical N(h)
distributions.

Fig. 19a. Theoretical N(h) profiles predicted by a number of
workers. The temperatures fop curves a - e are
2000, 1000, 750, 1500 1500 K respectively.
Composition i (Table lS has been used for curves
c, d and e. Curves c and d are based on Alouette
data for summer nights and curvee for Alouette
data for summer days. Note that the slopes of
curves c, d and e are substantially different from
the others near 1000 km. Also, the slopes of curves
c and d at great distances from the earth are
different from the others.

Fig. 19b. Examples of experimental obsermations of exospheric
electron density (equatorial profiles).
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Fig. 20. Comparison of experimental and theoretical
exospheric N(h) profiles in the equatorial plane.
The curves a - g are those described in Fig. 19a.
The diagonally shaded area defines approximately
the region within which the experimental profiles
of Fig. 19b are observed to lie. The vertical
shading near 1000 km indicates the approxImate
region in which the Alouette observations for
1000 km lie.

Fig. 21. Comparison of theory and experiment. The theoretical
curve was computed assuming a constant exospheric
temperature of 10000K and ionic Compositicn I (Table
1) at the base level. The electron density at
1000 km was taken to be that given by Alouette for
surmmer night conditions (Fig. 17).

Fig. 22. Observed and predicted ratios of the electron
density at 1000 km at conjugate points in the
winter and summer hemispheres. The middle line
giving the observed average quiet day ratios is
based on summer and winter Alouette observations
at Stanford. The ratio is approximately 0.5 over
the latitude range considered. The theoretically
predicted ratios are In reasonably good agreement.
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NOMENC LATURE

NOTE: The suffixes e and i are used to denote electrons
and ions respectively, and the suffix o is used to
denote values measured at the base level usually
taken to be 500 kilometers above the earth.

electron density at 500 km relative to 0+

density at that level

ion density at 500 km relative to 0+ density
at that level

h altitude

Hi scale height of non-ilonized ion, at 500 km

m electron masqe

m. ion mass

m+ temperature-weighted ion mass average

ne or N electron density

neo electron density at the base level

n, ion density; I = 1,2,3, for 0+, He + and H+

respec tively

no lot- density at the base level

e ratio of electron Jensities at 500 km above the
earth at conjugate points in the two hemispheres

S(a oq) the distance measured along a line of force from
its foot (at 500 km) to the point (9oe) on the
field line

s'(eoe') the distance measured along a line of force from

0 its foot (at 500 kin) to the point (9 9,'). it is

used as an upper limit of integratioR

SSM(go) the distance measured along a field line from the
geomagnetic equatorial plane to a point on the base
level at latitude 0

0

xi -SEL-63-110



S T electron or ion temperatures when they are assumed
the same in an isothermal exosphere

T electron temperature

Teo electron temperature at 500 km

Ti ion temperature

Tio ion temperature at 500 km

To electron or ion temperature at 500 km, when they
are assumed equal

T(s) electron or ion temperatures, when they are
assumed equal

o geomagnetic latitude of a point on a field line
90 geomagnetic latitude of a field line at 500 km

above the earth's surface

0' geomagnetic latitude of a point on a field line,
when this point is the upper limit of an integration

(e0 ,0e) coordinates of a point on a magnetic field line in
terms of the latitude, 0, of the point and the
latitude 00, of the foot (at 50 kin) of the particu-
lar field line concerned

Z(0 ,e') temperature modified geopotential height, corres-
0ponding to the point (e ,et). For an isothermal

exosphere, z is sometiis referred to as the
geopotential height

SEL-63-hO - xii -



I. INTRODUCTION

A great deal of experimental data on the distribution of

ions and electrons in the upper parts of the earth's ionosphere

are becoming increasingly available as the new techniques re-

quired to investigate the physical properties of the exosphere

at tnese heights are developed. An excellent brief report on

activities in this field has been given by Bordeau (1963) and

the main references to experimental work are quoted in that

paper.

In this report, an account is given of theoretical con-

siderations which govern the distribution of electrons and

ions above 500 km in this region of space. These distributions

are derived on the assumptions that the charged particles are

constrained to move only along the direction of the earth's

magnetic lines of force under the action of the earth's grav-

itational field and of the centrifugal force arising from the

"rotation of the earth. The effect of the electric field, E,

which arises from the charge separation that occurs [Mange

(1960)] resulting from the tendency of electrons to rise with

respect to the heavier positive ions is also taken into account.

The modifications that result in the electron and ion distri-
butions when a temperature variation along a line of force is

assumed,such that there are relatively large temperature dif-

ferences between the northern and southern hemispheres in the

vicinity of the peak of the F region, are also considered.

Special attention is given to the distributions that result

when computed along a line of force, and the resulting differ-

ences in vertical profiles observed at different latitudes are

discussed. It is found useful and convenient to present the

predicted ratios of electron density at a given level in the

northern hemisphere to that obtained at the corresponding con-

Jugate point in the southern hemisphere. The theory predicts
that, under certain circumstances, this ratio, whon plotted

. against geomagnetic latitude, exhibits two maxima, one in very

-1- SEL-63-110
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1ow lat1itidie nnd the other at high latitudes. The relative

magnitudes and positions of these maxima depend to a certain

extent on the precise assumptions that are made about the

relative densities of the constituents at the base of the

exosphere and on the assumed temperature distributions.

In Section III, the solution of the problem outlined in

Section II is presented. In Section IV, the results of the

theory to be expected on certain reasonable assumptions about

the physical properties of the exosphere are given. Also in

this section, the predictions of the theory are compared with

the results of a number of other workers who have considered

this problem from a theoretical point of view and the main

differences are outlined. In particular, reference is made

to the calculations of Johnson (1960), Bates and Patterson

(1961), Hanson (1962), Bauer (1962, 1963), Rothwell (1962),

Gliddon (1963), and Hanson and Patterson (1963). Also in

Section IV, the results predicted by the theory presented in

the report are compared with actual experimental observations

which have been maae in recent years. In particular, a

comparison is made with the results presented by workers who

have considered data obtained from the Alouette satellite

(see, for example, King (1963), Thomas and Sader (1963) and

references quoted therein). The main conclusions are described

and summarized in the last section.

II. THE PROBLEM AND THE ASSUMPTIONS

The electrons and ions in the earth's exosphere are acted

upon by a number of important forces. These include the gravi-

tational attraction toward the earth, the centrifugal force

due to the rotation of the earth about its geographic axis,

and the force due to the electric field, E, res. lting from

the tendency of electrons to rise with respect to the

heavier positive ions (Mange 1960). In this region of

space, the particles are in diffusive equilibrium and obey

Dalton's law of partial pressures so that each constit.ert has

a partial pressure corresponding to that which it would have if

it were the only constituent present. The distribution of

SEL-63-l10 - 2 -



ii

electrons and ions which would arise under the circumstances

outlined immediately above will be modified if there is a gra-

dient of temperature along a line of force. The resulting

effects are discussed in detail below. The main assumptions

are as follows:

1. The upper atmosphere, above 500 kin, consists of neutral
particles together with a neutral mixture of singly
charged positive ions and electrons only, and thes are+
in diffusive equilibrium. The positive ions are 0', He
and H+.

2. The partial pressure for each species is balanced by the
earth's gravitational and centrifugal forces and the
electric field arising from charge separation.

3. The charged particles are constrained to move only along
4 the lines of force so that the distributions along dif-
ferent lines of force are quite independent of each oth-
er.

4. No electrons are produced by the action of the sun's

ionizing radiations above 500 km.

5. The rate at which electrons recombine is so small in
comparison with other effects that the loss of electrons
from this cause can be neglected in the calculations.

6. The axis of rotation of the earth coincides with the
magnetic dipole axis.

7. A difference of temperature can exist between the north-

ern and southern hemispheres. The ratio TS/TN of the
temDeratures in the southern and northern hemispheres
respectively is not greater than 1.5, consistent with
satellite drag observations [King-Hele and Walker (1960)].

8. The relative densities of 0+, He+ and H+ are known at
the reference level at 500 km.

The calculations described in the subsequent paragraphs

are aimed at deriving the resulting electron distributions a-

long a line of force.

1 -SEL-63-110



III. THEORETICAL FORMULATION OF THE SOLUTION

A. FORCE ON UNIT MASS
-- am- I

The total force g acting on a unit mass at a point A,

represented by the coordinates (r, e), (e 0 , e) or (e 0 , s)

(Fig. i), is given by

g(rO) = f (re) + fc (r,e)

r2
=-ur +ou ÷• nr cos e

r

0 2

-r

:G. 1. GRAVITATIONAL AND CENTRIFUGAL FORCES Cf and f ) ACTING ON UNIT MASS

LOCATED AT THE POINT A DEFINED BY ONE OF TFiPg6CORDI§ATE PAIRS (re), (9o,0)

OR (eo.s).

SEL-63-110 - 4 -



where 0  is the total force on a unit mass at the reference
level r at the poles, 0 is the angular velocity of rota-

tion of the earth about the geographic axis, f and fc are

the gravitational and centrifugal forces respectively, ur

and ux are unit vectors in the directions of r and x, re-

•pectlvely, and the distance s is measured along a line of

force (Fig. 1). It is clear that the force on the unit mass

when it is over the poles acts toward the center of the earth,

and that at some particular points which may be determined on

each side of the earth in the equatorial plane, the forces f

and f. become equal and opposite. In fact, it is possible

to defiine a curve where the magnitudes of the two forces (but

not their directions, except on the equatorial plane) are e-

qual.

Figure 2 shows the locus of points for which f and f
are equal in magnitude (curves AB). The magnitudes of fg
and fc tnd the resultant force g(r,e) on a unit mass are
drawn to .:cale in Fig. 2 for different positions along a line
of force through 70 degrees geomagnetic latitude. If it is
a2ýumed that charged particles can move only along the lines
of force of the earth's magnetic field, then it becomes impor-
tant to con.Ader the way in which the resultant force f(r,e)
obtained by considering only the resolved component of g(r,e)
along the direction of the earth's lines of force varies in
.,pace (Fig. 2). The loci of points at which f(r,e) is zero

are shown as the broken curves (CD) in Fig. 2. Referring to
Fig. 1 and Eq. (1), it is clear that the algebraic value of
this forc'- f (written without the arrow) is given by

2
= go- 2 cos B - lr cos e cos Y~ (2)

r

From.Fig. 1, it is seen that

cos - sin of tan a = 2tan 9 2 sin (

ll+tan2 a1 ++4tan2 B 2

- 5 - SEL-63-110
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cos Y = sin(u+e) = sine cosa tsinY co• 0

= cost(sin8 + tana cos e)

sino+tanucosg = sin,+2tanecos8 = 3, sin 8 (3b)
22

1i + tan 11 + 4 tan 8 l+4tanrf

where u is the magnetic dip at (r,9), given by

tan a = 2 tan 0

Substituting the above values in (2), changing the variables

(r,0) to (eo, e) where o0 is the geomagnetic latitude at the

reference level ro, and using (Al) of Appendix A:

f(eoe) -sin (2 OS 1 30r r Cos 3e) (4)

So+tcos cos 80

Equation (4) gives the resultant force resolved along the di-

rection of the earth's magnetic field line, arising from the

combined action of the earth's centrifugal and gravitational

forces. It is clearly a function of the geomagnetic latitude

00 at which the line of force under consideration crosses the

reference level, and of the distance from the earth's surface

to the point under consideration as represented by the coordi-

nate 0, Fig. 1. As will be seen later, the precise way in

which this force varies from point to point in space is ex-
tremely important for the physics of the exosphere.

B. DERIVATION OF EQUILIBRIUM DISTRIBUTIONS

There is strong evidence both on theoretical grounds

l[Nicolet (1961)] and on experimental grounds [e.g. Hanson

(1962)] for supposing that the main ionized constituents of

the upper atmosphere above the peak of the F2 layer are elec-

trons, together with oxygen, helium and hydrogen ions in the

- 7 - SEL-63-110



atomic stat,. In the analysis described belcw, It is assumed
that these are -he only ionized constituents and that no neg-

ative ions are present, so that the atmoophere consists of

neutral particles and a neutral ýrulxturm of 0 +, He+ , and H +

and electrons in diffusive equilibrium. The ions will be re-

ferred to by subscripts i and electrons by subscripts e.

It is assumed that the lines of force act as barrizr• across

which charged particles cannot flow. it is instructive to con-

sider the variation of partial pressure along a tube of force.

We can then write

dPe -mene f ds - neeEds

(5)
*ip = nIf ds + nieEds

where the 1I1ld E (Fig. 3) arises frori the small separation

between charges lue to the fact that electrons are lighter

than the positive Ions and, therefore, tend to move upwards

(Mange (1960)].

Pe + dp low )"

$ de

FIG. N. TO IUI•-SllTE AM EIM OF VOLUME TAME ALONU A LINE OF FORCE.
The pariod pressures of the ions and electrons, p i and P., and the
electric field 9 (Mange 1[960) are also shown.

SEL-63-110 - 8 -



In heseqatinsm e adm. are the mass of the

electron and of the ith ion, n e and nl are the electron

and ith ion densities, e is the electronic charge, and

and p. reprezent the partial pressures of the electrons and

the ith ions, respectively. It is assumed (Fig. 3) What the

pressure changes over a small volume contained within the tube

of force byi an amount dp over the distance ds measur-ed a-

long the line of force. The direction of the electric field

E is as shown in Fig. 3. It should be noted that the grand -

ent of partial pres!ure changes direction according to whether

the point under, consideration is inside or outside the lines

arked %CD in Fi. 2. From Dalton's law for the partial pres-

sures of the constituents of a gas in diffusive equilibrium,

we know that each constitunt, int this case each ion species,

and the electrons, has a partial pressure corresponding to that

which 4t would have if it were the only constituent present.

xe .r- then write
Pe = nkTe

(6)

pi nlkT i

Te and Ti refer to the electron and ion temperatures re-

spectively, and in the subsequent theory it is assumed that

thesr can be different. Since the atmosphere at every point

is ta, n to be electrically neutral, we may write

ii

which leads to

Pe Pi

e i i7

so that
dpdpi()

e i

- 9 - SEL-63-110



From Eqs. (5) and (9) the electric field can be calculated:

mene ne min n"men e fds - eE ne ds = - fds + eE ri nt d.

T e 1i

Smin meqne

eE= . i e.. fne ni

•ez

r£ T mn,- meane

eE .i f
!ne + E n i

ie i

Since mi . 1850 me and T e/T i 1 the last expression can)ei
be simplified to give

T
e nim

eE =i f = - f (10)

ei T i

where m+ is the "temperature-weighted ion mass average"

i'i'
e

Using (10) in (5):

dPe= -ne(me+ L) f ds

(12)

dpi= -"ni(mi"- L f ds

SEL-63-110 - 10 -



From (ii), If Te/Ti / 1 then

i£nlm E nimi

2 n n1 ~Z~i 2 m+ i-

and thus we may write (12) as

dp e~ =m n f

and3

e e=- fds
(13

n~j T 2 JT

From Eq. (6) we may :hen. write

dPe =kd(neTe)

• i dPi =kd(niTi )

and

d(neT.) (M fd

i~~ nee -k'Tei m (15)

Sd(niTi) (mii - •-
.. ..... fds

nii kTi

Equations (15) have a number of important consequences, which
are discussed below. It should be noted that if a constant
temperature is assumed along a line of force for both the
electrons and ions, Equations (15) show that:

1. Since m is always greater than zero, the electron
density'secreases-with s and thus also with height.

2. If m > m /2, the ion density n4  decreases with s
and t'ius with height. This condition is always satis-
fied by the heaviest constituent and also by a light
constituent if it, or a still lighter one is strongly
predominant (see Fig. 4, page 21).

- 11 - SEL 63-110



'3 If m. < m /2, the ion density n increases with s
and tius wtth height. This happeAs with a light constit-
uent in the presence of a predominant heavier one.

4. If I = m+/2, the ion density of constituent i (can-

not b the heaviest) passes through a maximum.

Thkese equations are basic and contain the essential in-

formation about the distribution of both electron and the ion

densities with height. In order to solve them to obtain this

distribution, however, it is necessary to make a number of I
changes of variable to simplify the mathematics. For conven-

ience, distances along a line of force will be measured from

a reference level at a distance ro (Fig. 1) from the center

of the earth. All quantities measured at this level will be

indicated by the subscript zero. Integrating Eqs. (15) be-

tween the limits s = 0 and s = s', the electron and ion

densities at the distance s' from the reference level along

the line of force are given by

ne(s') Te(S') ex fds.

eo eo o e
(16)

n1 (s' ) T1 (s') s'(mi -k -)

io io 1-0 i

in which the ion and electron temperatures must be given as

functions of s.
In the above integrals it is convenient to separate the

effects of T and f, as follows:

m: o + fds =Ws' m+go f ds I

eo [if0
(17)

go fed
90 

+ e mAdz
2Teo oe

SEL-63-110 - 12 -
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js ' m- --+) •s' m1 -- )o oTO s
(m 2i fds = 1  2 o fTio s'

0 ___ 0±g io FiO

(17)

90jz i M m +)d (Cont' d)
Jg_~ o(mi -w•-)dzi

-kT io0 2 1

In these equtations, and z are the "temperature-

modified geopotential heights" for electrons and each ion

species respectively and are defined by

i f Teo
dz dfT

e g o Te

(18)fTi
dz f T o ""

i g-0T-

* from which we get, setting z = z = 0 at the reference lev-, e
el s 0,

* s=s ' T
Z f Teo ds

s=O go 
-S)

(19)
s=s'f TSzi F0 Ti (s ds

' "~~S=OgoT

i Thus, if T eo/Te (S) is to be different from Tio/Ti(s),

then, at a point s', the quantities ze and zi have differ-

I ent values.
Equations (16) can now be written in terms of the temper-

ature-modified geopotential heights z and z as:

Teo go0  e I
e e° Te(So) 2 1p -r e [o 0 zel (20)

- 13 - SEL-63-110



T1 io 90 rnZ *1M
i I 9 = I I I expI £I 0 ,, , )dz ,

T_ _ Z i ex f 9 .Zi 1 (20)
= _ _ I___ i _ 1 W 0 i i (Cont d)

T zex iHT £o "z0 dz

where

H --kTio (20a)

isthe scale height of the non-ionized atomic species £,, at
the reference level.

In Eq. (20), ne(s') and n,(s') are given in terms of

integrals in m+ [given by Eq. (11), and still unknownj with

respect to ze and zi. To eliminate m+ a relationship must

be established between ze and z.. Equations (19) show that

this can be accomplished either by knowing T eoATe and

T Ari as functions of s or by assuming

T Ti = t(s) (21)

This means that the electrons and all the ions have the same

temperature variation with s, the distance along a line of

force. If Eq. (21) applies, then we may write (19) as

s=sl

Z =z = Z f(s) t(s) ds (22)•S=O 90

Thus, the electron and ion densities can be written in
terms of the same z as:

ne(s') =neot(st) exp[ 90 Z m+dz (23)EUT eo 1 o

•-E -6 - 1 14 =Ial I I l i-



m I ~(23)

n s) t(st) exp Ti- Ir-J £0 m J
Because of charge neutrality,

ne(S') = Z n. =it niot(s') exp z exp 1kT° [7 mdz7 (24)

The last exrFnential can be calculated from the first of
Eqs. (23):

g Z T z z
2k 0 C + exp T° 2 g m+dz

io o £z= keoo

exp eO m dz e(S, t(,') 1 (25)

where
T

Ci eo (26)

Equation (24) becomes:
, C

) [eot~Ij

n s) Zn t(=E) exp(- s'e ilniots)HJ

or:

n (s') __!_ CIC
es n Z nt(s') exp(- Hi)(ne i (27)
n.0 =eo i i, Hi

Normalizing the ion densities at the reference level to

the value for the heaviest ion (0+), we write
ne

- 15 -SEL-63-110
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where e

=2 = n2o/nlo (28)

13 = n 3/nlo

so that • is the electron density divided by the oxygen ion

density at the reference level.
Equation (27) becomes

ne(s') 1i+C neo C
eeO = {[i• t(s') exp(- .i (neS C (29)

in this equation, the three first factors in the summa-

tion are known, and the equation must be solved for (ne (s')/
neo)•

Suppose now that the ratios of ion temperature to elec-

tron temperature at the reference level are the same for all
ions, that is:

T
C i T-eo - C i = 1, 2, 3 (30)

Then Eq. (29) becomes
heS,))+rC I+C {

(eo = t(s') 1 E fI exp(- z

~eo 1+i+ ~

from which we get, finally, the electron density

ne(S') Teo e 1
e e"exp( (31)

S - -e1

SEL-63-110 - 16-



From the second of Eqs. (23) and (25) we get the ion

densities:

C
ni(s') T eo C+l zneo C

noe (s') exp(- ji) n rs (32)

The ion density may also be referred to the electron density

at the reference level by Eqs. (28) so that

ni(s') i T 0+ neo
neo = - (Te (e°)) exp(- fr) r (ne)

'e p( _ n'S ) (33)
- e

Or, using Eq. (31)T,

Loep+ ( 34)
neo •-e(S)ep )Z exp(-z

The distribution of electrons and ions in the exosphere are

given by the Eqs. (31) and (33) in terms of the variable z
the temperature-modified geopotential height defined by Eq.

(22). These equations provide us with the information we re-

quire to give the distribution of electrons and ions along a

line of force, and hence, vertical profiles. it is shown in
Section V that these general solutions reduce to the equations

given by Bauer (1962) for the particular cases he considers.
The derived distribution Eqs. (31), (33), and (34) are dis-

cussed in detail below.

C. FORM OF SOLUTION FOR EQUILIBRIUM ION AND ELECTRON DENSITIES

For the case in which the ion and electron temperatur-es are
equal at the reference level (and hence, elsewhere, by Eq. (21)],

we have C=l and Eq. (31) becomes

n e(S') T e° I e p - )]17( 5ne T Te(s,) lqi (5

- 17 - SEL-63-110
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If the electron temperature is, say, twice the ion temperature,

neI"= Teo I i exp - 1

neo f1~i j
It is clear that if such a difference between ion and electron
temperatures occurs, then the electron densities may be changed I
by a factor of 10 at very high altitudes.

If the temperature along a line of force is constant so

that T A (s')=-, theneo e

ne(s') 1ep-I

neowe::~:rto(6

From Eq. (34) we have the ratio of densities of two ions:

ni 'exp(

TY j R T Hj "i
HH

7- exp(z (37)

The ion densities will be equal at a value of z =z I

defined by Hill4  "1j
z = ln (38)zij H i I j •

Since the subscripts 1, 2, and 3 refer, respectively, to1

0+, He , and H+, the scale heights are

H2 = 4 H1I

H3 = 16 H1  
J3

SEL-63-110 - 18-
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'I P .... n.t, whicr!, =n2, nr=n, and
n-=n- are. resDectively, from equations (38):

Z 2(0*--,NHe+) = - > 0 if < 1

! z1(0-1- H+) 1 •6 Hlln13, > 0 if I3 < 1 (40)

+ 16 •3z (HeO--H+ H - > 0 if I<

23 3 1 n, >O3if2

Thus, two ions will have the same density at some height

above the reference level if, at the reference level, the

heavier one is more abundant. Also, from Eq. (37), at z

I larger tnan zi,, the ion i will have higher density than

the ion J if it is lighter. Due to this fact, the z

defined by Eqs. (40) are called transition values of z,

and these are indicated in the same equations.

It is interesting to consider the conditions for which

the transition He-t.-H+ happens above the transition O-.He+.

From Eqb. (40) this condition is

• 0.8P
l- '3(41)

The distribution of electron density as a function of
z (31) may thus be written [using (39)]

ne(St) T exp(-x )+I 2exp(-x /4)+j3exp(-x /16)T1•C

neo =e(S [.

where

z
z (43)

- 19 - SEL-63-110
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I Tt~ +ii i ii
1. !r the reference level is low enough so that the 0+

is strongly predominant there, then

n2 << 1

1 } (44)
In3 < < I1

For low values of x the exponentials in (42) are close
to unity, and we have

n. (s') Teo

neo e( e.

Thus, apart from the factor T /T (s'), the electron
density varies exponentially A' zo with scale heighI(I+c)H1.

2. For large values of x the two first exponentials in
(43) become much smaller than the third, so that they
can be disregarded and

1
ne (s') _.Tj exp••(- x (46)

neo Te(S ep 7i6I+C)

Apart from the factor T J/" (s'), the electron density
presents, as a function S? F, an exponential behavior,
with scale height (1+C) H3 , and an asymptotic value

1/(1+C)

for z=O.

For the case C=l, the electron and ion distributions

calculated as a function of z from (31) and (33) respec-
tively are shown in Fig. 4, for T=10000 K, fl2 =0.02 and
7 =0.0016 [Bauer (1963)]. The dependence of ne and n
on altitude is implicit in these curves of Fig. 4 through the
dependence on z (see Fig. 5, p. 25). A discussion of the

SEIL-63-110 - 20 -



350-T = I000J K ;HvI =6.6 km
21.0

i'r}2= P. x tO"2
S•3000- 113=0o1Mxl-2

i ~2500 -

E 2002-1

SE 21000- 2

I2

S2HI He-oH÷
-0---ow

II

S~RELATIVE DENSITIES

S~FIG. 4. DISTRIBUTION OF ELUMTRON AND ION DENSITIES WITH THE

S~TEMPERATURE-MODIFIED GEOPOTENTIAL HEIGHT, z, FOR THE CASE
30 0- .1 NSTANT TEMPERATURE T = 1000 o K.
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resulting electron and ion density distributions as a function

of height is deferred to Section IV. The curves of Fig. 4,

however, are quite fundamental to an understanding of the pro-

cesses involved in the theory of the exosphere and the curve

for ne as a function of z is the same as that given by

Bauer (1963). The quantity z is, however, in the present

work given a different meaning from that used by Bauer, since

it contains a dependence on temperature and centrifugal force.

The resulting differences predicted by the theory presented

here compared with the results given by Bauer (1963) and othars

are discussed in Section V.

Using Eq. (33) it is seen that, for C=1,

/ 2ini(s,) ) fne(St it T• eo xp _

n eo n eo / e ( i

2

Hence, the geometrical mean of (ni/neo) and (ne/neo ) is the

quantity in parentheces. For an isotherm-al exosphere, this

quantity happerq to have a linear variation with z , when

plotted on semi-log paper, with "scale height" 2Hi and pass-

es through the point jTI/F, aL z =0.

This important property was used to obtain the ion den-

sities from the electron density, in Fig. 4. More details are

given in Appendix B.

The main source of difficulty in obtaining the solutions

of (31) and (34) is to be found in the derivation of the

quantity z . This is discussed in the next section.
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D. CALCULATION OF TEMPERATURE-MODIFIED GEOPOTENTIAL HEIGHT z

It will be recalled that the quantity z is defined by

z (e s.) stf(9os) Trods (47)

In order to evaluate z it is necessary to transform the

variable of integration in the above equation from s to e

where e is the geomagnetic latitude of the point concerned
on the line of force. In Appendix A it is shown that the

element of distance ds along the line of force may be writ-

Sten in terms of the subtended angular increment dO by the

relattionship
-rO

ds = 2 cos '1+3 sin2 e de (48)

Cos e0

Substituting for ds from (48) and for f from (4) in the
above expression for z and using (A4), Appendix A, we have

Sr

Sz = f- - eo 0 cos 8 1+3sin2e de
coLI 22

00wre os i gi o ( cosbo T°F- 2 Cose $ 2 C

z J° ec3slrcos ~e ined0=] T eo Vl+3sin rf Ic os 9 gros0

S T (e) r o go s oins 'A d (50)
e cos9, 0 Cos 0S~(49)

i where cosO Is given by (31a) and cosY by (3b) (Fig. 1)
S~Thus

0 j Te ;l•l2e 2cs° 302 roCOS40
' = °ro e :n 0 0 1sned9

i0 T(A•) V l'+4tan e cos4 e Co s4 e

S.2cos eo 302rCoCse0o ep0 - 0so

- 23 - SEL-63-110



since

+ n cos e
l+4tan e

This expression for z , the temperature-modified geopoten-

tial height, if substituted in Eqs. (31) and (34) will give

the density distribution of electrons and ions along a line

of force for any given temperature distribution along a line

of force. In general, the equation will have to be computed

numerically on a digital computer. It is interesting to note,

however, that in the case of a constant temperature along a

line of force so that Te(8) = Teo we have

(eo0 e') = 2r cos 2 o r 0o sing de - 3r 05
0co e Of *T sinecos5 edO

,Cos goC eo

20 3 N2r 2 90
2rocos 2 eo1 011i - + 4 6 1 o ,,+ , cosO

2cos 9 a, gocos Oo

cos2 0o 02ro [s2e cos68'J(1

2cos2e8 goCCos o

so that in the simple case of an isothermal atmosphere z

has an analytical solution.
The resultant variation of z with altitude is shown

in Fig. 5 for different latitudes. If the centrifugal force

is disregarded, z is a function of altitude only and is

independent of latitude (curve at right). It approaches a

limiting value (equal to the distance from the reference level

-to the center of the earth) as the altitude goes to infinity.

Inclusion of the centrifngal force implies a decrease in z ,

especially at high altitudes and low latitudes. The quantity

z then has a maximum value at approximately 6 earth radii

for low latitudes and approximately 8 earth radii for higher

latitudes.
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I FIG. 5. VARIATION OF TEMPERATURE-MODIFIED GEOPOTENTIAL HEIGHT,

z, WITH ALTITUDE, h. FOR AN ISOTHERMAL EXOSPHERE.
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It should be noted, of course, that in Eqs. (31) and (34)
it is possible for the temperature along different lines of
force to be different and to be distributed along each line

of force in a different way. As stated above, the Eqs. (31)
and (34) in conjunction with the general relationship (50) may
be used to compute the profile of electron density along a line
of force. If, however, we require only the ratio of electron

densities in the northern and southern hemispheres at the base
level (see section E below), then it is useful to consider the
form of Eq. (51) when e' is small so that the point (9 0 ,e')
lies near the equatorial plane. For 9'-0 the value zm of
z from (51) becomes

rp2 r
0 (80, ') = r0 o [l -cos 2eoJ + oo °-os2  .1

z z m 0r 
g o c0 o C s 4 0 (52)

E. CALCULATION OF RATIO OF ELECTRON DENSITIES AT CONJUGATE

POINTS

Attention will be given now to a rather interesting con-

sequence of the theory presented, namely the ratio Reo that
must exist between the electron densities at the reference
level at two magnetically conjugate points to satisfy conti-
nuity at the top of the field line.

It will be assumed that the ions and electrons have the

same temperature, and hence C=l in Eq. (30).

1. Temperature Constant in Each Hemisphere

As a first approximation, suppose that the average

temperature in the southern (Summer) hemisphere, TS, is
greater than the average temperature in the northern (Winter)

hemisphere, TN, (Fig. 6) so that

TS = KTN (53)

with K a constant greater than 1.
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FIG. 6. PARAMZTERS USED TO CALCULATE R AT THE RZFICB LEVEL AT
TWO MAGNETrICALLY CONJUGATE POINTS MW 7H T-l•• NT
AND SOUTHERN HMISPIHERES ARE DIFFER BUT CONSTANT IN EACH EISPIM.

Given the electron density neo (and ion densities,

through 1 2 and 1 3 ) at a reference point on a field line, it

is posbible to calculate the electron density at any other

point (defined by eoE') on the same field line, using Eqs.

(36) and (51).

Let A be the ratio ne (S')/neo given by Eq. (36);

it is clearly a function of temperature, through the values
of Hi and 1i" Thus, for the northern and southern hemi-

spheres respectively,

en

neoN- = A N 'IN ex( 
./H~neoN ~~N eI ~ M/i

(54)
neSneS As 7I•'S. exp(-zl"•jS

neoS A I- S

where zM is the value of z for 9'z 0 and is given by

(521).
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As the electron pressure must be the same in points

1 and 2 of Fig. 6:

neNkTN = PN = PS = neSkTS (55)

From (53), (54) and (55),

nR = £eoN(eo) AS

eo =eos(0o) NKr (56)

This expression permits the calculation of the elec-

tron density at the reference level in the northern hemisphere
if the electron density at the same level, at the conjugate

point, is known. It is useful to make the following approxi-

mations.
From Fig. 4 it is seen that for z greater than a-

bout 2000 km (corresponding to zM at O > 350), Eq. (46)

holds bo that with the present assumptions, using Eq. (20a),
AN and As are given by

AN • 3/iNexp(-zM/2H)
N ýýr3NN M3N)

As #ii3S/nS exp(-zM/2H3S) (57)

= 3S/' S exp(-zM/2KH3N)

Thus, at latitudes greater than about 350, Eq. (56) has the

approximate form
n n z z

R neoN(°) K %3S N exp(-
e° n eoS(o ' 3NS 3N- 3N

=K e3SpN K (58)
'3N 2 3N

SEL-63-110 - 28-



i

"The corresponding equation given by Rothwell (1962)

may be derived as a particular case of the more general ex-

pression (58) in which the dependence of m, g and T on

altitude may be properly allowed for.

I 2. Temperature Changing Along a Line of Force.

In the preceding section, it was assumed as a conven-

ient approximation that there was a discontinuity of tempera-

ture between two points Just north and south of the equatorial

plane (Fig. 6). For a complete treatment it is better to pro-

ceed as follows.

IT
100

,~~ 
T en_ZW96- TN'ls)

i _0,

I Z~ns(99)

4 .o ooes I le'-- \E

FIG. 7. PARAITERS USED TO CALCULATE Roo AT THE RZFERECE LEE AT TWO
mAGNETIcALLY CONJUGATE POINTS VEM THE TPERATURE IS TAr AS A CON-

TINUOIUS FUNCTION TN(S) IN THE NOIRTHMN HISPUERE, AND TS(S) IN 113
SOUTHE MXISPUERE. At points 1 and 2, the temperatures are the ow.

Figure 7 indicates the temperature as a function of

distance along a line of force. The temperature must change

- 29 - SEL-63-110
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along the field line since it is supposed that, at the refer-
ence level, it has different values in the northern and south-
ern hemispheres

ToS : KToN (59)

with K a constant greater than 1.
The distance s is clearly a function of e and0

0, and we call SM(eo) the value of s corresponding to
e = 0 (details are given in Appendix A).

The functions TN(S) and Ts(s) are such that the
temperature is a continuous function of s, including the
point SM, that is:

TN(SM) = Ts(sM) (60)

The assumed form for TN(S and Ts(s) is discussed
in Section IV.

As the temperature is now a function of s, Eq. (50)
must be used to calculate z , and different values will re-
sult for points 3 and 4, Fig. 7:

_____2cos
28 9 Co1~ ON si0Co,oJ') r of 0 So In -4No'l r90Ts 

- - Cos

(61)
80 ToS 2coseo 02 r r

ZSeopeT) ro s sin 1 0 0 Cos5 0 ]d@' ~~ • o~ oCos 90

These equations, together with Eq. (35), give the
electron density distributions in the northern and southern

hemispher.

neoN NN(st) IN• iN
n ) TN-fi (62)
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ec (62)
- T_ I exp(o z:S

neoS T3 (s I) ITS.I Hiss I I,-

For s'= sM the electron densities are the same in

the northern and southern hemispheres (points I and 2, Fig. 7),
and so are the temperatures. Thus, the last equations, togeth-

er with (60) give

Ie nis exP(-zMs/~ )l (63)

where and are given by the corresponding Eqs. (61)

with el = 0. For sufficiently large values of ZMS and
Z?4N, such that Eq. (46) holds, Eq. (63) may be written as

I

• -sxp (r4)
eo ! 'AN--2H 3 3N

in which use has been made of Eq. (20a) and (59).
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IV. RESULTS OF THE THEORY

A. INTRODUCTION

In this-section, relative electron and ion density
aistributirns calculated on the basis of the theory outlined

in the previous -sections are presented. The results are-

given as distributions calculated as functions of the tempera-

ture modified geopotential height z, as functions of the

distance s measured along a line of force and also as functions

_f the altitude, h. These distributions are referred to as

N(z), N(s) and N(h) curves respectively. The computations
are based on a number of different assumptions about the

exospheric temperature and about the ionic composition of the
atmosphere at 500 kilometers. In particular, the distributions

are derived

A) when a constant temperature is assumed along a line

of force

B) when the temperature is assumed to vary with distance,

s, along a lir: of force.

T• addition, two sets of assamptions are made about the

composition at the base level usually taken to be 500 kilometeri

above the earth's surface. These are

1. that the composition at 500 kilometers is independent

of the temper&ture at that level, and

2. that the composition at 500 kilometers is a strong

function of the temperature at that level.

The N(h) calculations referred to above were carried out
both when a proper allowance was made for the effect of the

centrifugal force arising from the earth's rotation and also
*hen this force was neglected. Subsequently, use is made of
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observational data from the Alouette satellite (Thomas and

Sader 1963) to convert the relative electron density profiles

into absolute profiles based on the electron density observed
at approximately 1000 kilometers. This leads to a set of

theoretical profiles calculated using reasonable experimentally

observed magnitudes for ion composition (Bauer 1963), temper-a-

ture (Harris and Preister 1962), and electron density at 1000 _

km (Alouette observations). These theoretical profiles are

then compared with a number of whistler and other observations

of electron density in the earth's exosphere. Tables 1 and 2, pg.

61,62,give a svrmary of the waj in which the calculations

were developed and in which the results are presented. Further

details are noted in tne ensuing sections.

B. THE ELECTRON AND ION DISTRIBUTIONS

The electron and ion distributions presented below were

calculated using a digital computer program. The N(z) curves

were computed from equation (35) using the assumption that--

the temperature was constant, the N(s) curves were computed

from equations (35), (51) and (A4), the N(h) profiles

being subsequently computed from the N(s) profiles using

electron density observations at 1000 kilometers as measured

by the Alouette satellite.

The calculations in which the temperature is assumed

constant along the line of force of the earth's magnetic

field are denoted by the letter A (Table 1, pg.61). For each

value of the temperature assumed, it is necessary to specify

j the composition at the base level at 500 kilometers. This

was taken from the data presented by Bauer (1963) for the

helium and hydrogen ion densities relative to the oxygen-

ion density as a function of the temperature. The relevant

equations are
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1 2 (To) = 0.2 x 10 -To/l000

(65)

(T 0.16 x 10 -To/500

In this equation, TO is the temperature assumed at the

reference level. The variation of 12 and 1 3 with temperature-
as given by equations (65) is shown in Fig. 8.

"The exospheric temperature enters the calculations in
two ways. Firstly, via the temperature modified geopotential

height z, and secondly, via its effect on the composition
assumed at the base level through equations (65). It is,
however, interesting to carry out computations in which

the composition at 500 kilometers is held constant neverthe-

less allowing the temperature to vary. In this case the
values for I and I3 were taken from equations (65) using

T = 1000*K and these results are referred to as "Composition
0

1," Table 1.

The calculations in which equations (65) were applied
to give the relative densities at 500 kilometers are referred

to as "Compositions 2a,b,c," etc. depending on the value of

-the temperature at 500 kilometers (see Table 1). In other

words, in "Compositions 2,," once the temperature at the

base level is specified, the relative ion densities are
automatically specified at that level by equations (65).
Some calculations are also performed using the assumption

that the temperature is changing along the field line.

These results are denoted by the letter B (Table 1) and will

"be described later.

Details relating to the curves shown in Figs. 9 - 18
are summarized in Tables I and 2 which precede the figures

(pg. 6-.
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In Figures 91 - e (see Tables 1 and 2), electron and

ion densities are plotted as functions of the temperature-

modified geopotential height z for different values of

the (constant) temperature (assumed independent of s) and

for different compositions. The distributions shown in

Figs. 9a - e, do not show marked "kinks" or cusps anad the

Ion transition levels do not show up clearly in the electron

density curves. These curves are discussed in greater
detail In Appendix B.

The electron densities of Figs. 9a - e are summarized

in Fig. 10, where the relative effects of temperature and
composition changes can be seen. At low values of z, where
0+ is predominant for all curves, the slopes are proportional

to temperature. As we go to higher values of z the effect of

the ion composition at the base becomes relatively more
important and the slopes are no longer simply proportional
to temperature. For instance, at z = 3000 kin, the slope

of curve e (2000'K) is less than the slope of curve b

(10000 K). This is so because, although for curve b at
z = 3000 kin, the H+ is strongly predominant (Fig. 9b); this
Is not trie case for curve e (Fig. 9e).

It is seen from the curves of Figs. 9a - e that the
ion transition levels (the levels at which n(O+) = n(He+),
etc.), change with temperature. The variation of the ion
transition levels with temperature is shown in Fig. 11 for
two different assumptions about the composition at the base

level, namely, that the composition is independent of
temperature (continuous lines) and that the composition is

temperature-dependent as indicated by equations (65)
(broken lines). An important conclusion which can be drawn

from an examination of Fls, . 9a - e, and 11 is that the
transition levels approach nearer the earth at night. These
curves agree with those given by Bauer (1963).
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The N(z) curves may be transformed using aquation (51)

into curves giving N as a function of 8 and 0o where e is

the angle between the equatorial plane and a point at a

distance s measured along a field line. Trin field line is

assumed to intersect the base level (500 km above the earth)

at a point making an angle 8o with the equatorial plane

(Fig. 1). The use of equation (A4) (Appendix A) converts

the N(8,90) curves to distributions of electron density
along a line of force (N(s,8 0 ) curves). Curves of this

kind are given in Figs. 12a,b,c, for e0 = 450, 550 and 650

respectively. In each diagram the results corresponding to

the case in which proper allowance has been made for centri-
fugal force are shown as continuous lines. The corresponding

results for the cases in which the centrifugal force was

neglected are shown by broken lines. As expected,

the effect of the centrifugal force is largest at the higher

latitudes, and tends to increase the electron density at

the high levels. The increase is never greater than about

20% over the range of heights considered. It is found also

that along the field line at 450 the centrifugal force has

no appreciable effect (Fig. 12a). The effects of changes in

temperature and composition are seen very clearl- in Fig. 12a

in which the distance scale is expanded.

Similar calculations (denoted by the letter B, Tables

1 and 2) were carried out in which the temperature varied

along a line of force. The temperature distribution

assumed along a line of force in the cases labelled B is

given by the formula

T(s) = T + (TT -To) 1 exp (- S(6)0 TZex'p ( 66)M/D

where T0 is the temperature at'tpe reference level (500

kilometers), TT is the temperature -t the top of the field
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.Line, D is a variable distance along the line of force
'4

ktaken to be 10 kin), and the distances e and sM are

defined along the line of force as indicated in Fig. ,

page 29.

In order to be able to calculate the ratios of electron

densities at magnetically conjugate points when a difference

of temperature exists between hemispheres, it is convenient

to apply equation (66) separately for the two hemispheres.

Thus for the northern (winter) hemisphere, TO and TT were

taken to be 10000 K and 1800 0 K respectively and the resulting

temperature distribution along the line of force as given

by (66) for the northern hemisphere is denoted by Tl(s).

For the southern (summer) hemispher"e To = 14000 K and

T 1800K and equation (66) is again used to gine T

Th d800Ktanditions ( a 2(s6 ) are sketched in Fig. 12 .

Electron densities along lines of force were calculated
fora v-ialetemperature along the line of force using :

equations (35), (50), and (A4). The results are shown in

Figs. 14a - d, for eo 350, 450, 550, and 650, respectively.
The general behaviour of the curves hi Figs. 14 is similar o

to that of the curves in Figs. 12. For instance, an increase

in temperature, keeping the base level composition constant,

increases the electron densities in both cases, and a-

contrary effect is produced if the composition is supposed

to vary as given by equations (65). Also, the effect of

neglecting the centrifugal force is negligible below e =45o.

It is im-ortant to note that the calculated electron

distributions depend strongly on the assumed base temperature

but do not depend appreciably on the small temperature

changes assumed along a line of force,and,that to a first

ordeJ,, vertical profiles and distributions along the line

of force computed assuming a constant temper&ture are

adequate.

-37- SEL-63-110-

I%



The ratios Re (subsequently referred to as R) of the

electron densities at conjugate points in the two hemispheres

predicted by the theory were calculated for a series of heights

(Fig. 154,b). The temperature distribution along a line of

force was assumed to be as shown in Fig. 13, the temperature

To, corresponding to that at the base level in the northern

(winter) hemisphere. If it is svpposed that the compositions

at the Lase level are the same in winter and summer, the

ratio, R = N(winter)/N(srmmer) is slightly greater than unity

and tends to increase with increasing latitude (Fig.15a). If,

instead, the ionic composition at 500 km is assumed to depend

on the temperature as given by Bauer (1963) (Fig. 8 and

Equation (65)) then the curves of Fig. 15b are obtained and

the ratio R is still about unity except for the 1000 km

level for which it decreases from 1 at the equator to

approximately 0.5 at high latitudes.

Fig. 16a,b,c shows N(h) profiles computed assuming

base composition 1 for the two assumed temperature models

(see Fig. 13 and Equation (66)). It was assumed that the

electron density at 1000 km was 10 4/cc. Fig. 16a.corresponds

to an equatorial profile (9 = 00), and Figs. 16b, c

correspond to a = 300 and 600 respectively. The differences

in the profiles shown in Figs. 16a,b,c arise only because

of the effect of the centrifugal force.

In order to convert the relative electron density

distributions to absolute values, electron density data for

1000 km obtained from the Alouette satellite were used

(Thomas and Sader 1963). Fig. 17, based on the results of

Thomas and Sader (1963) shows the mean variation of the

electron density at 1000 km for a series of magnetically

quiet days and nights in summer and winter as a function
of dip latitude. The broken lines are extrapolated values.

N(h) profiles were computed for a variety of conditions
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using the data of Fig. 17 at 1000 km. These profiles are

shown in Figs. 18a - d. If the assumptions about temperature

and base compositions indicated are correct, then the theorii

outlined in this report predicts that th• electron profiles

in summer (day and night) and winter (day and night) are ad

shown in Figs. 18a - d, respectively.

The differences between the curefes shown in Fig. 18a - d

arise firstly because of thed-different assumpktions about
temperature and composition, and secondly because of changes
in the electron density at 1000 k-m from suimer to winterV

and from day to night used in conver•ting from relatlve
distributions to absolute distributions. In pa~rticular,
the rapid fall off of electron density with height in the

sivmmer night curves is mainly attributable to the rapid-

decrease in the electron density at 1000 km with. dip

iatitvde over the range 500 - 65'. Typical diurnal and

* seasonal changes depicted in these curves are-Ill~ustrated

for a given temperature and base composition in FRg, 13e

which shows also the value of the latitude eo correspondtxgi
I ito the foot of the field line (at 1000 km above the ea•)

j which extends to a given distance from the center cf te

earth in the equatorial plane.
Snumber of theoretical N(h) distributions halve been

4 predicted for the exospheric plasma and these are discusýed

I In Section WV.C. Some typical examples are reproduced in
Fig. 19a (Bates and Patterson 1961; Dkngey 1954; Johnso-n o'W)

and these may be compared with the curves predicted by the

theory presented in this report.

No detailed comparison of the predicted N(h) profiles
w2itn experimentally observed data for any given day is

possible at the present time. However, a numoer of whistler

"mean exospheric electron density profiles have been published

sovering a wide range of obser'rvational conditions. A number*
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of thede are reproduced in Fig. 19b and are labelled a to h

in that diagram (Storey 1953; Allcock 1959; Carpenter and "1
Angerami (quoted by Carpenter 1963); Smith 4960, 1961;

Pope i961, .9624 Schmelovsky 3960; Schoute-Vanneck and

Muir 1963). It should be noted that the observation of I
Storey (1953), qioted above, refers to a single point

only. The incoherent Scatter observations of Bowles (1962)

lie w-lthin the arrow indicated in Fig. 19b.

In Fig'.. 20 the experimental data of Fig. 19b are

superposed• on the theoretical curves of Fig. 19a. The

experirftnta-1 curves of Fig. 19b dover a wide variety of

observed: conditions and Include results for different times
of day, d1freredt seasons and different solar epochs. In
general, howevei,, all these results lie within the approxi-

mate region Ind-icated by the diagonally shaded area in
Fig. 20. The values of electron density measured by

Alopuette lie within the approximate zone indicated by the

vertically shaded: area.

fI, is clear from Fig. 20 that when the values of

Solect-ron dens Uty given by the Alouette data for summer
ntghts are used, the theory outlined in this report gives

Oeasonably good agreement with the observations (curves c and

4 iwhereas the curves a, f, e, b, g indicate too small a

d6crease of electron density with height. Furthermore the

-present theory provides a betcer agreement with the observed

slop. of the N(h) profile near the level of the Alouette

orbit. It should be noted that the curve labelled e represents
-o probable extreme value indicated by the present work since

1t corresponds to summer daytime conditions when the assump-

t4on that there is no production of ionIzatton near the base

1eveI is most likely to be invalid.
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Until further information is available concerning the

exospheric temperature and compositlon, it is probably
unfruitful to consider detailed comparison of theory with
experiment. However, the number of reasonable choices is not

unlimited and for example (Fig. 21), the N(h) curve of

Smith (1960, 1961) is well matched by the present theory if

the temperature is assumed to be 10000 K and the starting

electron density at 1000 km is assumed to be roughly that

corresponding to the curve labelled "summer night" in

Fig. 17. Thus, quite good agreement can be obtained with

values which might be reasonally expected to apply at the

time when the whistler observations were made.

The general agreement between theory and experiment is

illstrated in another way in Fig. 22 which shows the-theoret--

ically predicted values of the ratio R as a function of
geomagnetic latitude, together with observations of R at
1000 km measured by the Alouette satellite. The shaded

area corresponds to values within which all the observed

values of the ratio R lie and thus allows for changes from

night to night, etc. The circled points give the values

for magnetically quiet days.
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A. DISCUSSION

The basic concepts which govern the distributions of

ions and electrons in the exosphere have been discussed

in a number of important papers in the scientific literature.

It is generally agreed that the main constituent of the

atmosphere at great heights above the earth (above approxi-

mately 1500 kilometers) is hydrogen. Hydrogen ions are

formed by the reaction

+ +0 + H H + 0

as was f-irst pointed out by Dungey. The relative eyuilibrium

concentrations in the exosphere are determined largely by

the importance of this reaction near the base of the neutrL.:

particle exosphere where the cross-section for collisions

Sbetween ions and neutral particles is relatively high. The

base of the- exosphere at approximately 550 kilometers is
believed to be the most probable level of origin for protons
entering -the exosphere from below after formation in the

charge exchange reaction referred to above (Johnson 1960).
-- Thus, the relative abundances of 0+ and H+ (and also of the

:He + ions) at the base of the exosphere controls the electron

-and ion distributions throughout the exosphere. The charge

-;enchange reaction referred to above proceeds very rapidly

near the peak of the F2 layer and the proton number density
-is given by the chemical equilibrium expression (Hanson and

Or•enourser 1961)
[-+ ] 9 •" -r] 0.

9 H. [H ,

Mh•ere the square brackets denote the concentrations of the

_qconstituents bracketed.
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It has also been shown by Hansrn and Ortenburger (1961)

that the oxygen ions near the F2 peak are only weakly coupled

with the protons in the protonosphere and it seems likely

that the time constant for the establishment of equilibrium

betw-een the two hemispheres near the F region peak is greater

than one day. The results of Hanson and Patterson (1963)

and of Hanson, et al (1963) provide an estimate of the proton

fluxes likely to be involved as the result of the diurnal

variation of the abundance of the atomic hydrogen in the

exosphere. They considercd the flow of hydrogen into and out

of the protonosphere by the charge exchange process referred

to above, the escape of hydrogen from the daytime exosphere

associated with higier daytime temperatures and also the

lateral flow of hydrogen around the earth due to any asymmetry

in the distribution of hydrogen around the earth.

It is clear from this work and from other considerations

that some modifications to a simple equilibrirn theory are

probably required to describe completely the physics of the

exosphere in terms of diurnal and other changes. However,

before a non-equilibrium theory is properly applied, it is

valuable to explore the extent to which an equilibrium theory

is adequate to explain the observational data and this has

been the purpose of the work reported herein. In particular,

it seems likely that an equilibrium theory might be applicable

for explaining seasonal variations which are likely to occur

in a given hemisphere as well as other changes involving time

constants greater than one day.

The structure of the lower exosphere has been discussed

in some detail by Hanson (1962), Bauer (1962, 1963) and by

Gliddon (1962) who considered the distributions of the 0+

He+, and H+ ions together with the electrons under diffusive
equilibrium. The corresponding distributions at much greater

altitudes have been discussed by Dungey (1954), Johnson (1960)

and by Bates and Patterson (1961).
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The main differences between the work presented in this

report and the earlier work referred to above relate to the

following points:

1. Under the circumstances where diffusive equilibrium

applies, it is well known that whereas in a non-ionized

atmosphere each constituent is distributed independently

of the other constituents, the distribution of a light

ionic constituent in diffusive equilibrium is dependent

upon the preeence of the others because of the electric

field, E, which arises from the slight charge separation

between electrons and positive ions (Dungey 1954; Mange 1960,

Hanson and Ortenburger 1961). In the present work, it has

been assumed that the electrons and ions can diffuse only

along the geomagnetic field lines and, therefore, the

direction of the electric field, E, has been assumed to be

along the particular field line concerned.

2. It is shown that it is convenient to work in terms

of a parameter, z, called the temperature-modified geopotential

height. The equations have been developed to allow for

the possibility that the electron and ion temperatures may

be different and that a temperature gradient may exist along

a line of force.

3. As was first pointed out by Bates and Patterson

(1961), up to the present time, the theories of electron

and ion distributions in the earth's exosphere have not

taken into account conditions in the upper part of the

earth's ionosphere which may be strongly dependent on

latitude. Such a latitude dependence would influence the

electron density distribution in the equatorial plane since

the diffusion of charged particles in the earth's exosphere

is appreciable only along geomagnetic field lines. Since

our N(h) profiles have been deduced from the theoretically

computed N(s) distributions (i. e., the calculated equili-

brium distributions along a line of force when diffusion
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along the field lines is operative), the starting electron ,

density assvmed at the base level and, in particular, its

variation with latitude, is an excrefeiy important factor.

An examination of the results of Thomas and Sader (1963)
shows that the electron density at 1000 km as observed by the

Alotette satellite does vary quite strongly with latitude and,

in particular, there is an important minimum in the curve under^

certain circb!mstances near a dip latitude of 650. This latitude

dependence was inserted into the theory so that the actual

observed electron densities at 1000 km were used. The computed

N(h) curves in the equatorial plane at great distances from

the earth were then compared with observations from whistler

data. It was fo.nd that the disagreement between theory and

observations of the exospheric plasma electron density distri-

bvtion in the vicinity of the Alouette orbit (see Fig. 20)
was removed. Under certain circumstances, the disagreement at

greater distances from the earth was also removed when
reasonable assumptions about the exospheric temperature and
about the relative ion densities at 500 kfn were made and the

Alouette data for summer nights used. It is possible that
at the times when the N(h) slopes far out do not agree with

theory, that some of the assumptions made in the theory were

invalid. In particular, it might be the case that composition

and temperature changes at 1000 km were inapplicable, or that
the level above which diffusive equilibrium occurs varies with

time.

The slope of the N(h) profile in the lower exosphere (approxi-

mately 600 - 1000 km).

It has been assumed in the theory that the production

of electrons by the sun's ionizing radiations and the loss
of electrons by recombination are both non-existent. Thus

no attempt is made to discuss the N(h) distributions at or

near the peak of the F2 layer, though a great deal of

- 45 - SEL-63-110

A/



Sobziervational and theoretical data are available (see for

example Thomas 1963, Rishbeth, Lyon and Peart 1963 nnd
rofer4nce quote theein T-^4-^A 4-1 AA -_-a

.I J.L L' 0 VU3 -Aj W A . UG On ;:

been confined to consideration of the theory which might

apply above the critical level (Johnson 1960) at about 500

km abcve the earth's surface.

Bauer (1962), (1963), assumed that in the vicinity of

the Alouette orbit there is diffusive equilibrium with 0+

He + and H1+ as the main constituents and later was able to

fit a topside profile from the Alouette satellite on the

basis of an equilibrium theory down to quite low altitudes.

The results of the theory outlined in the present work in

-the vicinity of the Alouette orbit agree with Bauer's slopes.

The main differences between the work presented in the

report and that referred to above is that Bauer considered

an isothermal case and does not allow for centrifugal force:

both assumptions being Justified for the cases which Bauer

considers since he restricts his theory to distances which

do not exceed about one earth radii above the F2 region

peak. Bauer, however, considers equilibrium in a vertical

column rather than in a column confined by a tube of force.

In the approach outlined in this report, a vertical profile

is very strongly influenced by a north-south gradient in the

temperature and ionic composition at the base level or by a

north-south gradient in the electron density at the base level.

Since the calculations described in this report were

carried out, a number of N(h) profiles deduced from the

Alouette satellite data have been circulated.* The available

* Radio Research Station, Slough, England, Topside N(h)
Profiles, Vol. I, Dec. 1963; King, J. W., et al, Radio
Research Report No. IM 94, July 1963; and King, J. W.,
et al, Report No. IM 112, Dec. 1963.
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profilez zorrespond to equatorial crossings of the satellite

and were observed at the telemetry station a, Singapore. From

the N(z) plots of King, et al (1963) (see fcotnote, pg. 46),

measurements were made of the scale height for electrons at 1000

km for one daytime and one nighttime revolution: 26 November

1962, 14:58 local time, and 15 April 1963, 20:28 local time,

respectively.

For the daytime pass, the scale height at 1000 km varies

between 170 km at 14 0 N latitude (consistent with 0+ at 13800 K)

and 260 km at 12 0 S latitude (consistent with a mixture of 0+

and He+ at 13800 K). Around the latitude 14 0 N the electron

distribution is a pure exponential down to 350 km, supporting

the idea that 0+ is indeed strongly predominant.

For the nighttime pass, the scale height at 1000 km varies

between 380 km at 20ON (consistent with strongly predominant

He+ at 7800 K--or a mixture of the He +with a significant

amount of 0,at a slightly higher temperature) and 620 km at

90 S (consistent with strongly predominant He+ at 12700 K--or

a mixture of He + and a significant amount of H+ at a slightly

lower temperature). The preceding measurements show then

that the lower boundary of the helium layer is lower at

night than during the day.

From the above it appears that the scale height for

electrons at 1000 km varies strongly from day to night (by

a factor 2.4 in the above measurements) and also varies

with latitude. It is apparent that, at 1000 kin, both the

ionic composition and the temperature must vary diurnally

and also with latitude, at least in the equatorial regions.

Also, it is important to note that the assumption that H+

strongly predominates at 1000 km would lead to extremely

low temperatures in order to explain scale heights as low

as 170 km (T less than 1000K).
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The slope of the_•Nh) profile In the upper exosphe~re.

shows that at very gieat heights the rate at which the

electron density decreases with height is often less than

the experimental observations indicate. Furthermore, the

slopes of the profiles near 1000 km for curves a, b, f, g,

Fig. 19a, are not in agreement with those observed from

electron density profiles deduced in the vicinity of the

Alouette orbit. The theoretical profiles of Dungey (1954),

Bates and Patterson (1961) and Johnson (1960) allow only

for the presence of H+ and not for helium. Thus, the slopes

are small even at low altitudes. The present work produces

slopes in agreement with those observed by the Alouette

satellite near its orbit in conformity with the results of

Bauer.

At the present time, until more information is available

about the positive ion abundances at 1000 km, it is not known

to what extent profiles observed at all times can be fitted

by a simple equilibrium theory. However, it is clear that

the main features of the seasonal variations will probably,

to a large extent, be governed by the broad precepts dictated

by an equilibrium theory, although there will be diurnal

changes superimposed on the broad seasonal changes. The

theory outlined in the present paper does, under certain

circumstances, lead to electron density profiles which fall

off at great altitudes at a rate which is in agreement with

the experimental data obtained from whistlers and at the

same time gives the correct slope near the Alouette orbit.
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-•. CONC1LUS IONS

i. The equilibrium distributions of electrons an-d ions
in the earth's exosphere have been computed for s wide variety
of conditions on the assumption that diffusive equilibrium

applies.

2. The theory assumes that diffusion of electrons and

ions is possible only along the geomagnetic field lines.

3. The presence of He+ ions near the base of the

exosphere has been allowed for in the calculations. This is

vital for an understanding of the changes accompanying the

transition from day to night conditions.

I 4. The most crucial factors governing the form of these

distributions are the exospheric temperature and the ionic

composition at the base level assumed to be at 500 kilometers

above the earth's surface.

5. The strong latitude dependence of electron density

at 1000 km as observed by the Alouette satellite has been

taken into consideration in the calculations. As a result, it

is clear that the discrepancy previously observed between

theory and experiment, namely, that the electron density

gradient at great heights predicted by the theories turned

out to be much smaller than that indicated by the whistler

observations, is now removed under certain circumstances.

6. The effect of the earth's centrifugal force is

included in the calculations--its neglect would, at the

high altitudes lead to electron density values which are too

low at a given height by an amount which does not exceed

20 percent, for altitudes less than about 7 earth radii.

Although it is not suggested that an equilibrium theory

is adequate to describe the entire properties of the plasma

distribution in the exosphere, it is quite clear that a first

order agreement can be obtained, at any rate, in terms of
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seasonal dependencieLs. The basic qu~eslIn of why the electron
density at the Alouette orbit varies with latitude in the way

that it does, r-•ema.•ins unulve�d. P~r ~r"rwoerk r'k. needed to
determine the natu.re and the ielative abundances of the

positive ions at the base of the exosphere and the dependence
of these relative abundances on the exospheric temperature.

Measurements of the relative abundances on a daily routine
basis through satellite observations will probably be necessary
before it is possible to determine accurately the circumstances
in which an equilibrium theory becomes inapplicable.
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APPENDIX A. GEOMETRY OF THE DIPOLE FIELD

It was assumed in this report that the actual magnetic

field of the earth could be approximated by a centered

dipole field, as indicated in Mlodnosky and Helliwell (1962).

Most of the equations quoted in this appendix appear in

Fig. 1 of that paper, to which reference should be made.

Thus, the equation of a line of force in a dipole field is

r cos 2G
ro Cs (Al)

in which the quantities are as shown in Fig. 1, page 4, of

this report. in this figure, the distance s1 along the line

of force with feet at Go, from the equatorial plane to the

latitude e is

s(00,0) r 0~o (x + sinhx.coshx)
2 f cos e0  (A2)

- Lln (y + 4l-+7) + y vl +y?
2 co s(A2)

2,f• cos~e

where

y = sinhx =r sine

We called SM(6o) the value of sl corresponding to

O = Go, as shown in Fig. 7, page 29:

ro0
sM(e)[n (yo+ 4, +y2o)+ Yo~ o (A3)
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with

Y, -- sine

For convenience, the distance s(e 0 ,e) between a ba:e
level (90) arid a latitude 9 was used (see Fig. 1, page J.):

S7-= sm(eo) - 1 (eo1) (A4)

The incrrment of distance ds, corresponding to an
increment d• (keeping e0 constant) is easily shown to be

r
ds C- 1 -43 sine cose de (AS)

0

It is ,ear that by means of eq. (Al) the distance.,
21. Sand s can be written as functions of (e ,r), and
this is convenient for electron and ion density calculat Lr=
in ahich the '-xospheric temperature is assumed constant.
This procedure was used in the c=,mputAtions leading to
Figs. 12 and 18.

It should be rioted that the inversion of eq. (A2)
[or (A4)] to (ive e as a funntion of o and sI (or s) is
only possible numerically. Thus, in the computations lerding
to Fit;s. 14 - 16, in which the temperature is assumed a
function of' the distance s, the numerical integrations t
get z (from eq.(50)) were made using 0 as the independent
variable.
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APPENDIX B. NOTE ON THE ION DISTRIBUTION CURVES

F6or an isothermal exosphere, the relative electron and

ion densities can be conveniently plotted as functions of z.

Assuming that the electrons and ions all have the zsme tempera-

ture (i. e., C = 1), their relative densities are-obtained

from equations (31) - (33) respectively (pages 16 - 17):

S~1

n (z) = x -/ 1  2exp (-z/i{,) + T 3 exp (-zH)j ()

neo (B

ni(z) z n
S=exp - (B2)nio H i nhe(z)

nj(z) 11 lz neoln- neo n- ex |n(Z) (B3)

If one ion is strongly predominant, so that only the

term for this particular ion is important on the right-hand

side of equation (BI), then,

•e x ep z(B4)
in

where the suffix i refers to the strongly predominant ion.

Equation (B4) is a simple exponential and is represented by

a straight line on semi-logarithmic paper, with slope 2Hi,

'(twice the scale height of the non-ionized specimen). These
+ + +

straight lines are drawn in Figs. 9a - d for 0+, He+, H

(c.f. Hanson (1962)) and are labelled 2HI, 2H2 and 2H3

respectively.
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Reference to the N(z) curve of Fig. 9b shows that the

simple exponent1i'1 behaviotur of electron density referred to

• Uove is exhibited below 100 km where 0+ is strongly

predomlInant (note that the ordinate is z not h) and ýs also

exhirhited above 1500 km where H+ is strongly predominant.

Around 500 km, %ithough He + is predominant, it is not

I!f(f-iciently strongly predominant and a straight line

<i) tr1buticrn is not achieved.

Comparisor of Figs. 9c and d shows the effect in the

-tope of the N(z) curve of changing the composition at the

Lase level. According to Table 1, Fig. 9d corresponds to a

•maller percentage of He+ and H+ at the base level, so that

the 0+ is predominant over a greater height range. Thus,

the electron density maintains a high rate of decrease over

u gre',iter height range so that the electron density turns out

to be smaller for the same z, in curve d than in curve c

(FIg. 10). As a result, one sees that a change in composi-

tion is far more important than a change in temperature in

determining the value of the relative electron density as

'i function of z (Fig. 10).

In equ;tion (B2), the term exp (-z/Hi) decreases with
Increasing z, whereas the term n eo/ne (z) increases with

increasing z. It is therefore possible for the ion density

to increase with-z, since it is made up of the product of

thes;e two factors.

The ratio of densities of two different ions as function

of z may be obtained from equation (B3):

nj(z) = exp
nl(Z LH Hi (B5)

whlich, in the logarithmic plot of Figs. 9a - e, is a straight

line with (positive) slope H Hi/(Hi - H passing through the
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point I at z = 0. These lines are not shown in Figs. 9a - e

but may readily be included.

Equation (B3) may be written in a more convenient form:

fneo kneO1 =- exp [- - (B6)

so that the geometric mean of the electron and ith ion

densities relative to the electron density at the base level

is

exp

which is oir prpvtous equation (B4.) giving the asymptotic

behaviour for the relative electron density curve when the

ith ion is strongly predominant. Thus from (B6)

1 1og ni(z) + log ne(Z)i I = log i exp '-zil] (B7)
Ilog mI Ieo eI [ý_JI

n eo e

The left-hand side of this equation is the arithmetic mean

of the logarithms of the electron density and the density of

the ith ion relative to the electron density at the base

level.

Thus, if relative electron density curves are plotted using

a logarithmic scale in density (as in Figs. 9a - e) then the

diztribution curve for the ion i may be derived from a simple

geometric construction as follows. First the straight line

(B4) is plotted (slope 2Hi, crossing the abscissa at a value

V1/11) then the relative electron distribution (Bl) is

plotted. For each value of z, a point is plotted such that

the horizontal distance from the point to the straight line

is the same as that from the straight line to the electron
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distribution. The locus of these points is the ion

distribution curve (Fig. 9b). This procedure may be
repeated for each ion.

It is clear from this construction that the ionic

transition levels (the values of z at which two ions have

the same density, i. e., the intersection point of two

ionic distribution curves) may be alternatively identified
as the intersection of the corresponding asymptotic straight

lines.

-

57~~_ S7 63.•



REFERENCES

Allcock, G. M., "The Electron Density Distribution in the
Outer Ionosphere Derived from Whistler Data," J. Atmos.
Terr. Phys., 14, 185, 1959.

Bates, D. R., and T. N. L. Patterson, "Hydrogen Atoms and
Ions in the Thermosphere and Exosphere," Planet. Space
Sci., 5, 257, 1961.

Bauer, S. J., "On the Structure of the Topside Ionosphere,"
J. Atmos. Sci., 1_9_, 276, 1962.

Bauer, S. J., "Helium Ion Belt in the Upper Atmosphere,:
Nature, 197, 36, 1963.

lordeau, R. E., "Rocket and Satellite Investigations of the
Ionosphere, Trans. Am. Geophys. Union, 44, 443, 1963.

Bowles, K. L., "Profiles of Electron Density over the
Magnetic Equator Obtained Using the Incoherent ScatterTechnique,'" NBS Report 7633, 1962.

Carpenter, D. L., "Whistler Measuremei:ts of the Equatorial
Profile of Magnetospheric Electron Density," presented
at the XIVth General Assembly of URSI, Tokyo, 1963
(to be published by Elsevier, Amsterdam).

Dungey, J. W., "Electrodynamics of the Outer Atmosphere,"
Scientific Report No. 69, Contract No. AF 19(122)-44,
Ionospheric Research Lab., Penn. State Univ., 1954.

Gliddon, J. E. C., "The Distribution of Ions in the Exosphere,"
J. Atmos. Terr. Phys., 25, 175, 1963.

Hanson, W. B., "Upper Atmosphere Helium Ions," J. Geophys.
Res., 67, 183, 1962.

Hanson, W. B., and T. N. L. Patterson, "Diurnal Variation
of the Hydrogen Concentration in the Exosphere," Planet.
Space Sci., 11, 1035, 1963.

Hanson, W. B., T. N. L. Patterson, and S. S. Degaonkar,
"Some Deductions from a Measurement of the Hydrogen Ion
Distribution in the High Atmosphere," J. Geophys. Res.,
68, 6203, 1963.

Hanson, W. B., and I. B. Ortenburger, "The Coupling Between
the Protonosphere and the Normal F Region," J. Geophys.
Res., 66, 1425, 1961.

Harris, Isadore and Wolfgang Priester, "Theoretical Models for
the Solar-Cycle Variation of the Upper Atmosphere," NASA,
Goddard Space Flight Center X-640-62-70, June, 1962.

SEL-63-110 - 58 -



Johnson, F.S., "The Ion Distribution Above the F2 Maximum,, "

Jackson, J. E.., "NASA Investigation of the Topside Ionosphere,."
NASA Report x-615-63-105, 1963.

King, J. W., P. A. Smith, D. Eccles, and H. Helm, "The
Structure of the Upper Ionosphere as Observed by the
Topside Sounder Satellite, Alouette," D.S.I.R., Radio
Research Station, Slough, England, 1963.

King-Hele, D. G. and D. M. C. Walker, "Variation of Upper
Atmosphere Density with Altitude and Season: Further
Evidence from Satellite Orbits," Nature, 185•, 727, 1960

Lockwood, G. E. K., and G. L. Nelms, "Topside Sounder
Observations of the Equatorial Anomaly, Part I: 750 W
Longitude," J. Atmos. Terr. Phys., in press.

Mange, P., "The Distribution of Minor Ions in Electrostatic
Equilibrium in the High Atmosphere," J. Geophys. Res.,
S3833, 1960. -- "

Mlodnosky, R. F., and R. A. Helliwell, "Graphic Data on
the Earth's Main Magnetic Field in Space," J. Geophys.
Res., 67, 2207, 1962.

Nicolet, M., "Helium, an Important Constituent in the Lower
Exosphere," J. Geophys. Res., 66, 2263, 1961.

Pope, J. H., "An Estimate of Electron Densities in the
Exosphere by Means of Nose Whistlers," J. Geophys, Res.,
66, 67, 1961.

Pope, J. H., "A Correction to the Exospheric Electron
Density Estimate Using the Nose Whistlers of March 19,
1959 " J. Geophys. Res., 67, 412, 1962.

Rishbeth, H., A. J. Lyon, and M. Peart, "Diffusion in the
Equatorial F Layer,' J. Geophys. Res., 68, 2559, 1963.

Rothwell, P., "Diffusion of Ions Between F Layers at
Magnetic Conjugate Points,' Proc. of the It. Conf
on the Ionosphere, The Inst. of Physics and The Physical
Society, 217, 1962.

Schmelovsky, K. H., "The Electron Density Distribution
Derived from Whistler Data and Faraday-fading
Observations," J. Atmos. Terr. Phys., 9, 68, 1960.

- 59 - SEL-63-110



Schoute-Vanneck, C. M., , . . .... , .... .........
Density Distribution in the Magnetosphere Derivedf-r-o-m Whistling Afnophllr'1 TD--Ca V -- "frrnWi•li Atmospheric Data, ri_. Geop..yo. Rs.,
689 6079, 1963.

Smith, R. L., "Properties of the Outer Ionosphere Deducedfrom Nose Whistlers," J , 3709, 1961.

Smith, R. L., The Use of Nose Whistlers in the Study of the
Outer Ionosphere," Stanford Electronics Labs. Technical
Report No. 6, Contract AF18(603)-126, Stanford University,
1960.

Storey, L. R. 0., "An Investigation of Whistling Atmospherics,"
Phil. Trans. Royal Soc. A (London), 246, 113, 1953.

Thomas, J. 0., "The Electron Density Distributions in the F2
Layer of the Ionosphere in Winter," J. Geophys. Res.,
68, 2707, 1963.

Thomas, J. 0., and A. Y. Sader, "Alouette Topside Soundings
Monitored at Stanford University," Stanford Electronics
Laboratories Technical Report No. 6, NASA Grant NsG 30-60,
Radioscience Laboratory, Stanford University, 1963.

IL 60

:6311



I

ASSUMPTIONS ABOUT COMPOSITION AT 500 1M

CCMPOSITION 1 COMPOSITIONS 2

2a 500 6.3 x 10 2  1.6 x 1 2

Ax -2 2b 750 3.6 x i0o2  5.1 x 10"

1 =2= 2c 1250 1.1 x0 5.x I-
[T =constant]• 1.6 x i0"3

2d 1500 6.3 x 10-3 1.6 x 10"4

2e 2000 2.0 x 10-3 1.6 x 10-5

B '1 201 2
2210 Jf O 8.0 xi0 3  2.6 xx 10

TEMPk•~¶B AND COMPOSITION ASSUMPTIONS
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TABLE 2. ,S! RY OF PRESENTATION OF RESULTS

ASSUMPTIONS ABOUT COMPOSITION AT 500 KILOMETERS

Ir~ cTP n 1 a.W.4.L,/V.VC ,IU

[ (1000)1 [ ? (T-) Plotted

Fig. 9a T = 500
" T 1 000 Fig. 9b
4 T = 100 Fig. 9b Fig. 0 Fig. 9d T = 1500 N(Z)

0 F.Fig. 9e T = 2000

O • a . O = 4 5
"i000 (a.

E- T= Fig. 12 Jb. o = 551 T =1500 N(s)

1500 c. O = 650
0

a. 00 550

Tl (s) ,
b. O = 450

Fig. 14 . o = 550 T(s) N(s)

T2 (s) d. 0: =650

sumrT 2(s) [T T (s)
EH ýWinter= winter=

Fig. 165b R(bNh)

T-4 T T(0:summer= T2(s) dsuay er 25

STl(s) a. e o°

Fig. 16 b. w 30e N(h)
T5S(s) c 600

" '" • 750

750 a. summer day50

T 1500 Fig. 18 T .

2000 c winter day 50

= N(h)
I• 500

It , b. suimmer 500
•E-4 750 Fig. 18 night =,75

i• '" T = d. winter 750

night 1500
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TEMPERATURE,°K

FIG. 8. VARIATION OF THE ION COMPOSITION AT 500 KM WITH MilE
TEMPERATURE AT THAT LEVEL (BAUER 196';).
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3500-- BASE COMPOSITION 20
T=500 OK

3000

2500 - SLOPE 2H3=32HI
-E2000- Hp 2 8H1

N1500 1 EL-ECTRONS

-0 -
500

RELATIVE DENSITIES

FIG. 9a. RELATIVE ELECTRON AND ION DENSITIES AS -A FUL"FTION OF TE
GEOPOTENTIAL HEIGHT, z, FOR AN ISOTHERMAL EXOSP.ERE. The farm of
the distributions depends strongly on the assumed base level com-
position and the assumed temperature as may be seet by cerparing
the above with the subsequent figures.
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BASECO PSTO I
3500-COPSTNI

30 0-T~ 1000 OK

1 21-13
2500-

E 2000- H

N1500 - He+~\
ELECTRONSI 1000 - H1  H"'

500 -+ H+~"
40j

0

RELATIVE DENSITIES

FIG. 9b. RELATIVE ELECTRON ADION DENSITI-ES AS A FUNCTION- OF THE
GEOPOTE-NTIAL HEIGHT, z, FOR AN ISOTHERNAL--EXOSPHERE. Comparison

Awith Fig. 9c indicates the effect on the distributions of chang-
ing the temperature only.
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BASE COMPOSITION I
3500- T = 15000 K

%% ,2H 2

3000 -

2500 - ELECTRONS

E 2000 -
,4 1500 ,.,"-"•.•.II •--_:. H

1000 ->'.
e

500 -H +.-u + -

I1- 10-3 10-2 I0

RELATIVE DENSITIES

FIG. 9c. RELATIVE ELECTRON AND ION DENSITIES AS A FUNCTION OF THE
GEOPOTENTIAL HEIGHT, z, FOR AN ISOTHERMAL EXOSPHERE. Comparison
with Fig. 9b indicates the effect on the distributions of chang-

ing the temperature only. Comparison with Fig. 9d reveals the

effect of changing the base composition only.
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3500, .

3000X - \BASE COMPOSITION 2d

2500- T-150OK

211
E 2 0 0 0S•i -- He+-"H+

2HI1500- 2HI ELECTRONS

1000- -H

500

0

RELATIVE DENSITIES

FIG. 9d. RELATIVE ELECTRON AND ION DENSITIES AS A FUNCTION OF THE

GEOPOTENTIAL HEIGHT, z, FOR AN ISOTHERMAL EXOSPIC&RE. Comparison

with Fig. 9c reveals the effect of changing the base composition
only.
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3000
H+

2900- 1 He

0! ~~ELECTRONS

00
icr4  o~ ic 2  ic+

77 7)1
RELATIVE DENSITIES

FIG. 9e. RELATIVE ELECTRON AND ION DENSITIES AS A FUNCTION OF THE
GEOPOTENTIAL HEIGHT, z, FOR AN ISOTHERMAL EXOSPHERE WITH A
RELATIVELY HIGH TEMPERATURE.



3500-

3000- 1

2 500 - b

2000-
z, km d I'0

1500 e

100-0-

500-

0 "4 ... 1

1ol 10 10
RELATIVE ELECTRON DENSITY"

FIG. 10. SUMMY OF THE RESULTS OF FIGS. 9a - e FOR THE RELATIVE
ELECTRON DENSITY DISTRIBUTIONS IN THE EXOSPHERE OVER A WIDE
RANGE OF CDNDITIONS.
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3000-
I

EI
S25 0 0 - /

,W /• /

.j ZHe .P.H /

z I
o 1500-

Cl) ZO+-,wH+z
1000- #/

0 ////o e "

-500

Z0 +--w- He+

0 LI I I.

500 1000 1500 2000
TEMPERATURE, OK

FIG. 11. THE VARIATION WITH TEMPERATURE OF THE LEVELS AT WHICH
THE IONS INDICATED HAVE EQUAL ABUNDANCES. The broken lines
correspond to the cases when the composition at the base level
depends on the temperature there (through equations (65)). The
continuous lines correspond to the case when the composition at
the base level is independent of temperature (Composition 1).
These results are in agreement with those presented earlier by

Bauer (1962).
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I~r
10-4

9 3>- 0 :IO T0 2 =!400O K TT'I800° K

Iw
zI0 0- COMPOSITION 2f

4

0. 6 8-T2 (s)
w "'T! (S)

w~ s)

LI> COMPOSITION I

1.0I

DISTANCE ALONG FIELD LINE, S. 103 km
I

FIG. 14a. TO ILLUSTRATE, FOR A NON-ISOTHERMAL EXOSPHERE (SEE
FIG. 13), THE RELATIVE ,LECTRON DENSITY DISTRIBUTION ALONG A
FIELD LINE WITH FEET (AT 500 KM ABOVE THE EARTH) AT GEOMAG-
NETIC LATITUDE 350 (SEE TABLES 1 AND 2).
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